Abstract. We investigate the geometric properties of lightlike surfaces in the Minkowski space R 2,1 , using Cartan's method of moving frames to compute a complete set of local invariants for such surfaces. Using these invariants, we give a complete local classification of lightlike surfaces of constant type in R 2,1 and construct new examples of such surfaces.
Introduction
Lightlike surfaces in Minkowski space have been the subject of much attention in recent years, largely due to their importance in the theory of general relativity. Some classification results have been obtained for special categories of lightlike surfaces; for example, in [1] it is shown that an entire lightlike hypersurface with zero lightlike mean curvature must be a lightlike hyperplane, while in [4] it is shown that the only lightlike surfaces of revolution are lightlike planes and light cones.
In this paper we undertake a much more general classification problem: our main result is the complete local classification of lightlike surfaces of constant type in R 2,1 (cf. Theorem 4.2). (The precise definition of "constant type" will become clear during the classification process; it is roughly similar to the notion of a regular surface in R 3 containing no umbilic points.) We use Cartan's method of equivalence to construct a complete set of local invariants for lightlike surfaces of constant type; we then use these invariants to construct canonical local coordinates for lightlike surfaces and give a local normal form for lightlike surfaces parametrized with respect to these coordinates.
The paper is organized as follows: in §2 we briefly review the necessary definitions and introduce the notion of adapted frames for lightlike surfaces, together with the associated Maurer-Cartan forms; in §3 we carry out the equivalence method to compute local invariants for lightlike surfaces of constant type; in §4 we derive a local normal form for parametrized lightlike surfaces, and in §5 we use this normal form to construct new examples of lightlike surfaces. Some of the key features of our classification are:
• In addition to lightlike planes and light cones, we find that there is a much larger family of lightlike surfaces which we call non-conical; in fact, the family of non-conical lightlike surfaces is locally parametrized by one arbitrary function f (v) of a single variable.
• The non-conical lightlike surface associated to a given function f (v) is closely related to the Sturm-Liouville operator
f (v); specifically, the coordinate functions of the parametrization for the associated surface are given in terms of solutions to the Sturm-Liouville equation
• Every lightlike surface of constant type in R 2,1 is ruled by null lines.
2. Lightlike surfaces in R 2,1 , adapted frames, and Maurer-Cartan forms Definition 2.1. Three-dimensional Minkowski space is the manifold R 2,1 defined by
with the indefinite inner product ·, · defined on each tangent space T x R 2,1 by
Definition 2.2. A nonzero vector v ∈ T x R 2,1 is called:
• lightlike or null if v, v = 0. In particular, the set of all null vectors v ∈ T x R 2,1 forms a cone in the tangent space T x R 2,1 , called the light cone or null cone at x. Definition 2.3. A regular surface Σ ⊂ R 2,1 is called:
• spacelike if the restriction of ·, · to each tangent plane T x Σ is positive definite;
• timelike if the restriction of ·, · to each tangent plane T x Σ is indefinite;
• lightlike if the restriction of ·, · to each tangent plane T x Σ is degenerate.
We will use Cartan's method of moving frames to compute local invariants for lightlike surfaces Σ ⊂ R 2,1 under the action of the Minkowksi isometry group, which consists of all transformations ϕ :
where A ∈ O(2, 1) and b ∈ R 2,1 . Ordinarily one might begin by considering the set of orthonormal frames (e 0 , e 1 , e 2 ) for the tangent space T x R 2,1 at each point x ∈ Σ. However, because the restriction of the Minkowski metric ·, · to each tangent space T x Σ of a lightlike surface is degenerate, orthonormal frames are not easily adaptable to the geometry of lightlike surfaces. Instead, we will choose frames (e 0 , e 1 , e 2 ) based at each point x ∈ Σ as follows:
(1) Since each tangent plane T x Σ is lightlike, it must contain a unique null direction. Choose e 0 to be any nonzero vector parallel to this direction. (2) Every nonzero vector in T x Σ which is linearly independent from e 0 is necessarily spacelike; moreover, T x Σ consists precisely of all vectors in T x R 2,1 which are orthogonal to e 0 . Choose e 1 to be any nonzero vector in T x Σ of unit length; i.e., e 1 , e 1 = 1. (3) Since e 1 is spacelike, the set of all vectors in T x R 2,1 which are orthogonal to e 1 is a timelike plane and therefore contains two linearly independent null directions. One of these directions is e 0 ; choose e 2 to be a nonzero vector parallel to the other null direction in this plane. (4) Since e 2 / ∈ T x Σ, we must have e 0 , e 2 = 0. By scaling e 2 , we can arrange that e 0 , e 2 = 1. Taken together, the conditions above say that the vectors (e 0 , e 1 ) span the tangent plane T x Σ at each point x ∈ Σ, and the frame vectors (e 0 , e 1 , e 2 ) satisfy the inner product relations: e 0 , e 0 = e 0 , e 1 = e 1 , e 2 = e 2 , e 2 = 0, (2.2) e 0 , e 2 = e 1 , e 1 = 1.
We will call a frame satisfying these conditions 0-adapted. Now suppose that (e 0 , e 1 , e 2 ), (ẽ 0 ,ẽ 1 ,ẽ 2 ) are two 0-adapted frames on a lightlike surface Σ. According to the conditions above:
•ẽ 0 must be a nonzero multiple of e 0 ; say,ẽ 0 = µe 0 for some nonvanishing function µ on Σ.
• From the inner product conditions (2.2) and the fact thatẽ 1 ∈ T x Σ, we must havẽ e 1 = ±e 1 + λe 0 for some real-valued function λ on Σ. The sign ambiguity can be avoided by requiring both frames to be positively oriented, so without loss of generality, we can assume thatẽ 1 = e 1 + λe 0 .
• It then follows from the inner product conditions (2.2) that
Thus we see that any two (oriented) 0-adapted frames must differ by a transformation of the form
Furthermore, if (e 0 , e 1 , e 2 ) is any 0-adapted frame on Σ, then any frame (ẽ 0 ,ẽ 1 ,ẽ 2 ) given by (2.3) is also 0-adapted.
Remark 2.4. The 0-adapted frames on Σ may be regarded as the local sections of a principal fiber bundle π : B 0 → Σ, with structure group G 0 ⊂ GL(3) consisting of all invertible matrices of the form in (2.3). The group G 0 is referred to as the the structure group for the 0-adapted frames on Σ.
The Maurer-Cartan forms ω α , ω α β associated to a 0-adapted frame (e 0 , e 1 , e 2 ) on Σ are the 1-forms on Σ defined by the equations: 
(See [5] for a discussion of Maurer-Cartan forms and their structure equations.) Differentiating the inner product relations (2.4) yields the following relations among the connection forms: If (e 0 , e 1 , e 2 ), (ẽ 0 ,ẽ 1 ,ẽ 2 ) are two 0-adapted frames related by the equation
More concretely, we have:ω
Reduction of the structure group and local invariants
The method of moving frames proceeds by considering relations among the Maurer-Cartan forms on Σ. From the equation
and the fact that dx takes values in the tangent space T x Σ at each point x ∈ Σ, it follows that ω 2 = 0, and that ω 0 , ω 1 are linearly independent 1-forms which span the cotangent space T * x Σ at each point x ∈ Σ. Differentiating the equation ω 2 = 0 and applying the relations (2.6) yields
By Cartan's lemma (see [5] ), we have
for some function a 1 on Σ. Now suppose that we perform a transformation of the form (2.3). According to (2.7), the Maurer-Cartan forms (ω α ,ω α β ) associated to the new frame satisfỹ ω
Therefore, the transformed functionã 1 , defined by the equatioñ
is given by
According to (3.1), the function a 1 is a relative invariant of the surface Σ: at each point x ∈ Σ, a 1 is either equal to zero for every 0-adapted frame based at x or nonzero for every 0-adapted frame based at x. In order to proceed with the method of moving frames, we must assume that Σ is of constant type with respect to a 1 ; i.e., that a 1 is either identically zero on Σ or never equal to zero at any point of Σ. The latter assumption is similar in flavor to assuming that a regular surface in R 3 is free of umbilic points; in practice, it simply means that we must restrict our attention to the open subset of Σ where a 1 is nonzero.
First we consider the case where a 1 ≡ 0.
Proposition 3.1. Let Σ be a connected, regular lightlike surface in R 2,1 , and suppose that a 1 ≡ 0 for every 0-adapted frame on Σ. Then Σ is contained in a lightlike plane in R 2,1 .
Proof. If a 1 ≡ 0 on Σ, then we have ω 
Now suppose that a 1 = 0 at every point of Σ. According to (3.1), there exists a 0-adapted frame on Σ for which a 1 ≡ 1. We will call such a frame 1-adapted. Any two 1-adapted frames on Σ must differ by a transformation of the form (2.3) with µ = 1; i.e.,
The Maurer-Cartan forms associated to two 1-adapted frames related by (3.2) satisfy the equations (keeping in mind that ω 2 = 0): 
Therefore, the transformed functionã 2 , defined by the equatioñ
given by
In other words, a 2 is an invariant function on Σ.
Since the value of a 2 is the same for all 1-adapted frames based at a point x ∈ Σ, we must consider additional derivatives in order to make further frame adaptations. Our next step is to differentiate the equation ω 0 0 = ω 0 + a 2 ω 1 :
By Cartan's lemma, we have
for some function a 3 on Σ. According to (3.3), under a transformation of the form (3.2) we have
Therefore, the transformed functionã 3 , defined by the equation
From (3.6), we see that the ability to normalize a 3 depends on the value of a 2 : if a 2 = 0, then there exists a 1-adapted frame with a 3 = 0; however, if a 2 = 0, then a 3 is an invariant. So at this point we need to make another constant type assumption: we will assume that a 2 is either identically zero on Σ or never equal to zero at any point of Σ.
First consider the case where a 2 ≡ 0.
Proposition 3.2. Let Σ be a connected, regular lightlike surface in R 2,1 with a 1 = 0, and suppose that a 2 ≡ 0 for every 1-adapted frame on Σ. Then Σ is contained in a lightlike cone in R 2,1 .
Proof. If a 2 ≡ 0 on Σ, then we have ω 0 0 = ω 0 , and so
Therefore, d(x − e 0 ) = 0, and so there exists a point p ∈ R 2,1 such that
x − e 0 = p for every point x ∈ Σ. But then we have
from which it follows that x − p is a null vector for every x ∈ Σ. Thus Σ is contained in the lightlike cone based at p, defined by the equation
Now suppose that a 2 = 0 at every point of Σ; we will call such a surface non-conical. According to (3.6), there exists a 1-adapted frame on Σ for which a 3 ≡ 0. We will call such a frame 2-adapted. Any two 2-adapted frames on Σ must differ by a transformation of the form (3.2) with λ = 0-which means that, in fact, there is a unique 2-adapted frame at each point of Σ. All that remains is to compute the remaining invariants associated to this frame.
So far, we know that the Maurer-Cartan forms associated to a 2-adapted frame satisfy the following relations:
Moreover, from equation (3.5) and the fact that a 3 = 0, we have
Differentiating equation (3.8) yields
By Cartan's lemma, we have ω
for some function a 4 on Σ. Together with (3.7), this gives a complete set of relations among the Maurer-Cartan forms for a 2-adapted frame:
According to the general theory of moving frames, the functions a 2 , a 4 (and their derivatives) form a complete set of local invariants for non-conical lightlike surfaces. These functions are not entirely arbitrary: we already know that a 2 must satisfy the differential equation (3.8), and differentiating the equation for ω 0 1 in (3.9) shows that a 4 must satisfy the differential equation 
Canonical coordinates and normal forms
In this section we will construct canonical local coordinates in a neighborhood of each point of a non-conical lightlike surface. Then, using these coordinates, we will derive a local normal form for parametrizations of non-conical lightlike surfaces.
First, observe that
By Poincaré's lemma (see [5] ), locally there exists a function u on Σ, unique up to an additive constant, such that ω 0 = du.
Next, we have
Since dω 1 ≡ 0 mod ω 1 , the Frobenius theorem (see [5] ) implies that locally there exist functions v, σ on Σ, with σ = 0, such that
The independence condition ω 0 ∧ ω 1 = 0 then implies that (u, v) form a local coordinate system on Σ, and so σ may be regarded as a function σ(u, v). Then the structure equation (4.1) becomes:
Thus the function σ satisfies the partial differential equation
and hence σ(u, v) = e u σ 0 (v) dv for some nonvanishing function σ 0 (v) on Σ. Moreover, since
Poincaré's lemma implies that locally, there exists a functionṽ on Σ such that
and then
Replacing v withṽ (and dropping the tilde) produces local coordinates (u, v) on Σ such that
These coordinates are unique up to transformations of the form
with r, s ∈ R. Now consider the functions a 2 , a 4 on Σ as functions of (u, v). Equation (3.8) is equivalent to the PDE system (a 2 ) u = −2a 2 , (a 2 ) v = 0 for the function a 2 (u, v); thus we have
for some constant c ∈ R. Since we have assumed that a 2 = 0, we must have c = 0, and by a coordinate transformation of the form (4.3), we can arrange that c = ±1. Moreover, by reversing the orientation of Σ if necessary, we can assume that c = 1. Now equation (3.10) is equivalent to the PDE
for the function a 4 (u, v); the general solution to this equation is (4.5)
where f (v) is an arbitrary function of v.
It is straightforward to check that with a 2 , a 4 as above, all the Maurer-Cartan structure equations (2.5) are satisfied by the forms (3.9). According to Cartan's general theory of moving frames (see [3] for details), this guarantees the local existence of a lightlike surface Σ, together with a 2-adapted frame (e 0 , e 1 , e 2 ) along Σ whose Maurer-Cartan forms are precisely the forms (3.9). The equations (2.4) may be regarded as a compatible, overdetermined system of PDE's for the functions x, e 0 , e 1 , e 2 . Given any solution of this system, the function x(u, v) is a local parametrization of a non-conical lightlike surface in R 2,1 ; moreover, our constructions up to this point show that locally, every non-conical lightlike surface arises in this way.
In order to examine the system (2.4) more closely, we first use equations (4.2), (4.4), (4.5) to write all the Maurer-Cartan forms as linear combinations of du, dv:
Substituting these expressions into the equations for the de α in (2.4) yields the following equations:
de 0 = e 0 du + (e −u e 0 + e u e 1 ) dv,
)e 0 − e u e 2 dv, (4.7)
The du-components of these equations are straightforward to integrate: from the first equation, we have (e 0 ) u = e 0 , and therefore,
for some R 2,1 -valued function G 0 (v). Substituting this expression into the du-component of the second equations yields (e 1 ) u = e −u G 0 (v), and therefore, (4.9)
and therefore, (4.10)
for some R 2,1 -valued function G 2 (v). Now, substituting (4.8), (4.9), (4.10) into the dv-components of equations (4.7) yields the following differential equations for the functions
This system is equivalent to the third-order ODE (4.12)
for the function G 0 (v), together with the equations
It turns out that solutions of (4.12) are related to solutions of a second-order SturmLiouville equation associated to the function f (v) (see, e.g., [2] for a discussion of SturmLiouville operators): Proposition 4.1. Let h(v) be any real-valued solution of the Sturm-Liouville equation
Then the function g(v) = (h(v)) 2 is a real-valued solution of (4.12). Moreover, any realvalued solution g(v) of (4.12) is a linear combination of solutions of this form.
Proof. Suppose that h(v) satisfies (4.13), and let g(v) = (h(v)) 2 . Then
therefore g(v) satisfies (4.12). For the second statement, note that since (4.13) is a second-order, homogeneous, linear ODE, it has a 2-dimensional space of real-valued solutions spanned by two independent functions h 1 (v), h 2 (v). Since the solution space of (4.12) must contain all linear combinations of squares of solutions of (4.13), it must contain all linear combinations of the the three independent functions (4.14)
(
But the solution space of (4.12) is precisely 3-dimensional; hence every real-valued solution of (4.12) is a linear combination of the functions (4.14).
It follows from Proposition 4.1 that the entries of any R 2,1 -valued solution G 0 (v) of (4.12) must be linear combinations of the functions (4.14). Moreover, the inner product relations (2.2) must hold for the frame (e 0 , e 1 , e 2 ) given by (4.8), (4.9), (4.10). Fortunately, the symmetries of the Maurer-Cartan connection forms guarantee that if the relations (2.2) hold at any point of Σ, then they hold identically on Σ. We can arrange this by imposing appropriate restrictions on the initial conditions for the ODE (4.12).
Finally, substituting (4.8), (4.9) into the equation for dx in (2.4) yields
Integrating this equation (and translating so that x(0, 0) = 0) gives (4.15)
By an action of the Minkowski isometry group, we can arrange that 
